PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA

RECEIVED: June 27, 2008
ACCEPTED: August 6, 2008
PUBLISHED: August 27, 2008

Multiple membranes from gauged supergravity

Eric A. Bergshoeff, Mees de Roo and Olaf Hohm

Centre for Theoretical Physics, University of Groningen,
Nigenborgh 4, 9747 AG Groningen, The Netherlands
E-mail: E.A.Bergshoeff@rug.nl], M.de.Roo@rug.nll, D.Hohm@rug.nl|

Diederik Roest

Departament Estructura © Constituents de la Materia € Institut de Ciéncies del Cosmos,
Diagonal 647, 08028 Barcelona, Spain
E-mail: droest@ecm.ub. es|

ABSTRACT: Starting from gauged N/ = 8 supergravity in three dimensions we construct
actions for multiple membranes by taking the limit to global supersymmetry for different
choices of the embedding tensor. This provides a general framework that reproduces many
recent results on multiple membrane actions as well as generalisations thereof. As examples
we discuss conformal (non-conformal) gaugings leading to multiple M2-branes (D2-branes)
and massive deformations of these systems.
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1. Introduction

Recently, there has been a lot of activity in constructing actions for multiple M2-branes.
This development was spurred by a series of papers by Bagger and Lambert [l -] and Gus-
tavsson [, [} (following earlier work of [f, [f]) who made a proposal for a three-dimensional
action describing multiple M2-branes. This action is an N' = 8 superconformal Chern-
Simons gauge theory.

It turns out that the original proposal of [l -] is rather restrictive. The presence
of a so-called fundamental identity leads to a basically unique solution with SO(4) gauge
group (or direct sums thereof) [}, fl] that describes a system of two M2-branes on an
orbifold [[L0, [l1]]. To describe more general M2-brane systems an extension of the original
proposal is needed and several extensions have been considered. A possibility is to consider
supersymmetric gauge theories without a Lagrangian [[J]. Also massive extensions break-
ing the conformal invariance have been constructed [[[J —[(§]. More recently, new extensions



to arbitrary gauge groups of the Bagger-Lambert theory have been proposed that make use
of an invariant metric that is not positive definite [[L—[L§. This has the potentially trou-
blesome feature that it introduces ghosts, an issue which has been addressed in [[[9-P1].
In addition, Chern-Simons theories with less supersymmetries in the context of M2-branes
have been considered [R3, BJ]. For other related work on multiple M2-branes, see [P4].
The recent interest in multiple membranes deals with the properties of globally N' = 8
supersymmetric gauge theories in three dimensions. Independent of this, a lot is known
about the construction of locally N' = 8 supersymmetric theories in three dimensions.
There are a few parallel developments in constructing theories with global versus local
supersymmetry. For instance, one issue with the construction of an N' = 8 supersymmetric
gauge theory in three dimensions is the origin of the gauge fields. To describe M2-brane
actions one needs to work with the maximum number 8 N of scalar kinetic terms and there
is no room for a vector field kinetic term. The way out was given in [ff]. The vector fields
needed for the gauging only occur inside the covariant derivatives and via a Chern-Simons
term but do not have a kinetic term. Their field equations lead to a duality relation
between the vectors and the scalars such that no new degrees of freedom are introduced.
Precisely the same issue was encountered in the construction of gauged supergravity in
three dimensions [RJ-R7. For instance, in N' = 8 supergravity all bosonic degrees of
freedom are described by scalars parametrizing the coset SO(8, N)/(SO(8) x SO(N)), and
there are no vector fields left to perform the gauging. The resolution proposed in [@, ] is
the same as in the globally supersymmetric case: the vector fields only occur via covariant
derivatives and a Chern-Simons term.
A noteworthy feature of gauged supergravities in three dimensions is that it suffices
to restrict oneselves to theories in which the Yang-Mills gauge fields only occur via a
Chern-Simons term without a separate kinetic term. This is due to the existence of a
non-Abelian duality which states that any Yang-Mills theory in three dimensions can be
re-interpreted as the sum of kinetic terms for scalar fields and a B A F(A) Chern-Simons
gauge theory (containing two distinct vector fields A and B) based on a non-semi-simple Lie
algebra [P§, 9. It is via such Chern-Simons terms that we recover, after applying the non-
Abelian duality, results for multiple D2-brane actions as well. We will also encounter Chern-
Simons gauge theories of the type AAF(A), which are topologically massive gauge theories.
The construction of [R5, Pf] classifies the most general gaugings in supergravity, which
are encoded in the ‘embedding tensor’. The role of this tensor is to specify which subgroup
of the global symmetry group is gauged and which vectors are needed to perform this
gauging. Originally this technique was developed to construct maximal supergravity in
three dimensions and was later applied to the A" = 8 case [7, P9 and in higher dimensions
as well [BQ—B7]. The same technique can be applied to supersymmetric gauge theories. This
has been done to construct the gaugings of N' = 2 supersymmetry in four dimensions [Bg
and, more recently, to reconstruct [Bg] the supersymmetric gauge theory of [J-[]. In the
latter case the embedding tensor is a 4-index anti-symmetric tensor of SO(NN) that coincides
with the ‘structure constants’ of the three-algebra occurring in the construction of [ f].
In contrast to the supersymmetric gauge theory with the unique SO(4) gauge group
of [l-f], in supergravity a wide variety of gaugings is possible. In particular, one can



embed the gauge group into the non-compact group SO(8, N') whereas only subgroups of the
compact SO(N) group are gauged in [[]-ff]. In this work we want to investigate the relation
between the two types of theories and their gaugings. In particular we want to address
the following question: starting from N = 8 gauged supergravity in three dimensions, can
we take the limit of global supersymmetry and if so, does this lead to known and/or new
supersymmetric gauge theories describing multiple branes?

In order to answer this question we have organised this paper as follows. In section
2 we will first write down the AN/ = 8 supergravity theory and next consider the limit to
global supersymmetry. Furthermore, we will present the general result for the globally
supersymmetric theory. In section 3 we focus in on the separate deformations and discuss
their interpretation in terms of multiple branes. Our conclusions are presented in section
4. Finally, appendix A contains our conventions and useful formulae for the SO(8, N)
structure of supergravity.

2. Gauged N = 8 supergravity and its global limit

2.1 The Lagrangian and the embedding tensor

We start by reviewing A" = 8 gauged supergravity in D = 3 [27, R9]. For an overview of
our conventions see appendix A.

The N = 8 supergravity multiplet consists of the metric g,, and 8 gravitini w;‘. All
these fields are topological and do not describe physical degrees of freedom. Therefore,
all local degrees of freedom reside in scalars and Majorana spinor fields. In the case of N
matter multiplets, there are 8N scalars X%, a=1,...,N, parameterizing the coset space
SO(8,N)/(SO(8) x SO(N)), and 8N spinors denoted by x4?. The coset dynamics of the
scalar fields is expressed in terms of the group-valued matrix L(z) € SO(8, N). It can be
parameterized in terms of scalars in the following way

L(z) = exp (X'*(x)t'") , (2.1)

where {t/7 1%} and {t/*} denote the compact and non-compact generators of so(8, N),
c.f. the appendix. To be more precise, we have gauge-fixed the local SO(8) x SO(N)
symmetry by setting the compact part of L to zero.

In order to gauge a certain subgroup Gy of the (rigid) duality group SO(8, N) one
introduces gauge-covariant derivatives in the definition of the Maurer-Cartan forms as
follows:

1 1
L7 (04 + @apd, ) L = SQUMH + 20, b 4 p,legle (2.2)

Here t* denote the generators of SO(8, N), a, 3,...=1,..., %(N+8)(N+7), with structure
constants fo‘ﬁfy. Furthermore, we have introduced gauge fields A, in the adjoint repre-
sentation of s0(8, N) and the symmetric embedding tensor ©,5 [R7. The latter encodes
the embedding of the gauge group Gy into the global symmetry group SO(8, N). To be
more precise, the generators of Gy are given by

Xo =Oqpt” (2.3)



and so the embedding tensor singles out those generators that span the gauge group. In
particular, the dimension of the gauge group is determined by the rank of ©,g3.

The gauged supergravity Lagrangian is completely determined by the embedding ten-
sor and given by [T

1 — 1 . )
L= =5 e R+ PP Dy + Sh—2e PP —ie x A0 Dy (2.4)
1 1 -
—§Qmﬁw&ﬂ<@Af+§@wﬂﬂAﬂA;>—eRﬂW“TLnWWM

—|—/<,_2€A114B1[_):"7“V¢VB + 2il{—2eAz247Aa>zAa7p¢;1 + m_zeA?a’Bb)ZAabi —kSev ,

1 —% and +* and

where k is the square root of Newton’s constant with mass dimension
Fi i are gamma matrices of SO(1,2) and SO(8), respectively. Furthermore, the covariant

derivatives D, on the spinors are given by

1
Dty = Vi + 19 Tipvy) .
2.5
D,LLXAa — V,LLXAa + ZQ,{LJFIIZ{]BXBG + QZbXAba
and contain the (composite) SO(8) x SO(N) connections defined in (.9). Finally, the scalar-
dependent Yukawa couplings given by Aj23 and the scalar potential V' are completely
determined by the embedding tensor via the so-called T-tensor

Ta,@ = @aﬁvagvﬁga (26)

where o, 3, ... are flat indices corresponding to the local SO(8) x SO(N) action. Here V is
the adjoint SO(8, N) matrix, defined through

1 1
LTHOL = Vgt = SVt + §V°‘abt“b—|—vamt1“. (2.7)
In terms of the T-tensor the Yukawa couplings read
1 ' 1
AP = —67P9 - @P%KLTIJ,KL A = —EFQ‘QKTMKG ; (2.8)
Aa.E i F 1 1
AP = 25485 @beﬁ‘;KLTJJ,KL + grﬁL]BTIJ,ab ;

where 6 = W?’]aﬁ O, denotes the trace of the embedding tensor with respect to
the Cartan-Killing form n®? of SO(8, N). The scalar potential V is given by

Vo= —% <A‘1“BA{‘B - %A‘;’A“Ag"A“> . (2.9)
The local supersymmetry transformations leaving (£.4) invariant are given by
dee,” = ik EAV’"%‘;‘ , 561#;‘ = kg1 DuEA + ik ™3 A‘f‘By“eB ) (2.10)
ALY = —%n—lva”a‘r%wﬁ +in T Ve T i
SoAr = %m—l Il AP, I 4+ 5 A124,Aa6A L - KgAFiAXAatIa 7

!The mass dimensions of {g,. 71/);:x S ALY 7XA“ , X1} are given by {0,1,1,1,0}.



where we assign mass dimension —% to the supersymmetry parameter e.

However, consistency of the gauged supergravity theory requires linear and quadratic
constraints on the embedding tensor. First of all, gauge invariance of (2.4) requires invari-
ance of the embedding tensor ©,3 under the adjoint action of the gauge group generators
X4 This implies the quadratic constraint

Qapy = OasOcaf’y) = 0, (2.11)

which is also sufficient for closure of the gauge algebra. Beyond this quadratic constraint,
invariance of (P.4) under supersymmetry requires a linear constraint, which takes a “duality
covariant” form. The embedding tensor reads ©.5 = Oz 7 xz), Z,T,--- = 1,...,8 + N,
where we have introduced adjoint indices for SO(8, N). Due to its symmetry, a priori it
takes values in the symmetric tensor product

(H@H)Sm = 10— e [ ], (2.12)

in which the Young tableaux refer to tensors of the full duality group SO(8, N). However,

supersymmetry restricts the irreducible representations in () to a subclass. Specifically,
in the given case it eliminates the irreducible representation corresponding to the window
tableau [29]. In other words, the linear constraint can be written as

Oz ke = 0670z + 217K + Picizd12) S (2.13)

where frgic is totally antisymmetric and hzy symmetric-traceless. For any choice of
the embedding tensor satisfying the quadratic and linear constraints (R.11) and (R.19)
one obtains a consistent gauged supergravity, which is invariant under the supersymmetry
transformations (B.10).2

2.2 The limit to global supersymmetry

We will now discuss the limit to global supersymmetry, i.e. we decouple gravity by sending
Newton’s constant, or its square root x, to zero. We will find that this limit can only be
taken provided a number of additional constraints is imposed on the embedding tensor.

To take the flat space limit, we have to expand the metric around Minkowski spacetime
according to

G = M + Khpyy . (2.14)

In the limit x — 0, the spin-2 multiplet {h,, ,1[):?} decouples and can therefore be set
to zero. This restricts the parameters , of general coordinate transformations and the
parameters e of supersymmetry to those satisfying the equations Ou&+0,8, = 8u€A = 0.
Thus, we obtain a globally supersymmetric theory, in which €4 is constant. Moreover, in

2We should note that the expressions @) for the Yukawa couplings are valid provided the embedding
tensor satisfies the stronger constraint hz; = 0. We verified that in the presence of hzs one can still take
the global limit to be discussed below. For the general formulae see



order to obtain a non-singular limit, in which non-trivial gaugings survive, it turns out to
be necessary to rescale the fields and various components of the embedding tensor with
powers of k. Specifically, we redefine the scalar fields according to

X' o g xle (2.15)

such that their mass dimension is %, and we redefine the gauge vectors depending on their
SO(8) x SO(N) indices according to

Auab _ Auab’ Aual N K/_IAHGI, A,LLIJ N I{_lAuIJ . (216)

Moreover, we require the following scaling weights for the components of the embedding
tensor,

Oubed : 0, Oubcr s Oap1y & 1, Our,ct,Oa1,7K ,O11KL © 2 (2.17)

where we indicated the powers of k.

Let us now explain the limit and the origin of the different scaling weights in more
detail. First of all, inspection of the scalar-kinetic terms shows by use of the expansion of
the Maurer-Cartan forms ([A.q) that the terms of higher order in X will drop out. In other
words, the scalar manifold reduces to a flat space. This can be interpreted as an Inonii-
Wigner contraction of the original coset space, for which one rescales the non-compact
generators by /¢ = xt!® and sends k — 0. This leaves the algebra, see eq. ([A.9), intact,
except the brackets in the last line, which become Abelian. Put differently, the Lie algebra
reduces to a semi-direct product between SO(8) x SO(N) and 8N translations. The coset
space reduces accordingly to

(SO(8) x SO(N)) x REN

So@ xS0 " E - (2.18)

Note that the isometry group I SO(8N) of R®" is much larger than the expected symmetry
group (SO(8) x SO(N)) x R®. However, this symmetry enhancement only holds for the
scalar kinetic terms, and does not extend to the full theory.

The scaling weights of the gauge fields are uniquely determined by requiring that the
supersymmetry transformations of the vectors in (R.1(J) are both non-singular and non-zero
in the limit k — 0. For instance, one finds

5 A = Tl y) . (2.19)

One may verify that the global supersymmetry algebra is realized on these vector fields
provided that the following constraints are satisfied:3

P9, A,N = 0. (2.20)

3Similarly, it has recently been found that one can realize the supersymmetry algebra of D = 5, N = 2
supergravity on (D — 2)-forms with vanishing field strengths [@]



We note that the supersymmetry variation of these gauge vectors is proportional to the
gravitino. Therefore they belong to the topological spin-2 multiplet {g,,, ,wf , A,/ J } and
we will henceforth set them to zero. In contrast, we will see below that the other two
representations of gauge vectors in (2.16) are related to the matter spinors y under super-
symmetry. Therefore they belong to the matter multiplets and will make their appearance
in the globally supersymmetric theory. We also note that the scaling weights (R.17) lead
to a non-singular limit for the leading Chern-Simons terms, which otherwise would require
certain components of the embedding tensor to vanish.

Let us now turn to the constraints of the embedding tensor describing globally su-
persymmetric theories. The linear constraints (R.1J) ensure that the gauged supergravity
action is a consistent starting point. However, in order to have a well-defined limit fur-
ther constraints are required, which we derive by inspecting the Yukawa couplings A; with
1 =1,2,3. We first consider the scalar potential. To avoid any divergent terms, both A;
and Ao have to scale with weight 3. Turning to the supersymmetry variation of the grav-
itino, the right hand side only vanishes if A; actually scales with weight 4. This has the
effect that A; completely drops out of the theory in the global limit, as expected. Finally,
the scaling weight of As has to be 2, as can be deduced from the relevant term in the
Lagrangian. We thus end up with the following scaling weights for A, As and As:

A1 : 4, A2 : 3, Ag D 2. (221)

From the expressions (£.§), (A.§) for A;, 42 and A3 we deduce that the above scaling
requirements lead to the following linear constraints on the embedding tensor:

0=0, Oup,15 =0, O kL =0, Ou1,7x] =0, (2.22)

where (91_]’ i1, denotes the anti-self-dual part of O k1.

Apart from the constraints (R.29) resulting from the requirement of a non-singular
limit, there is a second source of linear constraints. This is related to the fact that the
original linear constraint (B.1J) of supergravity cannot simply be taken over to the globally
supersymmetric case due to the following reason. The symmetric-traceless solution hz 7, for
instance, in general gives rise to components of the embedding tensor that scale differently.
For instance, if h7 7 takes non-zero values only in the SO(/NV) direction, parameterized by
a symmetric-traceless SO(NN) tensor hgp, one obtains from (R.13) the components*

1
Oab,cd = Pafcdap) - Oarps = Zhab(le- (2.23)

Since according to (2.17) we keep the first component unchanged, while rescaling the second
embedding tensor by x2, the resulting couplings live in different sectors characterized by
embedding tensors of different mass dimension. In general the supersymmetry will therefore
be violated. Thus, in order to maintain supersymmetry, we have to impose additional linear
constraints, eliminating all solutions of (R.13) which give rise to relations between different
components of © with different scaling weights, like in (R.23). This sets the singlet 6 to

4We thank Hermann Nicolai for discussions on this point.



zero, which follows already from (R.22), as well as the components f7jq of the 4-index

anti-symmetric tensor and the components h,, and hy, of the symmetric-traceless tensor.
Summarizing, we find from the above considerations that the only components of the

embedding tensor that survive the limit of global supersymmetry are given by

fabed faber fikn hry, (2.24)

where f;f, i1, indicates the self-dual part of fryxr.

Finally, we consider the quadratic constraints. One way to derive these constraints
after the rescalings is to consider the gauge variation of the action before imposing any
constraints. For instance, the Chern-Simons term varies according to [BY, [l

6Los ~ P Qypy Ay AL DAY (2.25)

Suppose the gauge vectors and their symmetry parameters in AADA will scale with k™"

for some r, as follows from (R.1§). Then only those parts of Q, 3, will not disappear in
the limit Kk — 0, whose dependence on k is k* with s < r. For instance, since the SO(N)
gauge vectors do not scale with r, only those terms in Qg cq ¢ should be imposed as a
constraint that scale with . This in turn implies that in the latter component only the
pure SO(N) structure constants enter, while in the full quadratic constraints of supergrav-
ity also the non-compact f*/*/_; appear. Similarly, one derives for all other components
that the non-trivial parts of the quadratic constraint tensor involve only the structure con-
stants corresponding to SO(N) x R3V. In other words, denoting these structure constants,
ie. fabed, ¢ and fabel o collectively by fo‘ﬁﬁ,, the quadratic constraints imposed by global
supersymmetry take formally the same form as in (R.11), but with f replaced by f.

gy = OusOufy = 0. (2.26)

Moreover, since we set A,/ 7 and its gauge parameter to zero, all components of (£.26) whose
external indices take values in the [/.J] direction, need not to be imposed as constraints.
Explicitly one then finds the following non-trivial components:

1

Qab,cd,ef = 5 (@ab,eg®gf,cd - @ab,fg@ge,cd + ®ab,cg@gd,ef - @ab,dg@gc,ef) ) (227)
1

Qal bJed = 3 (Oar1,"Ogdps — Oar,d’Ogeps — Oar,gpO? s ca) (2.28)
1

Qab,cd,e[ = 5 (Gab,eg(agl,cd + @ab,glege,cd + Gab,cg@gd,el - @ab,dg(agc,el) ) (229)
1 h h h h

Qalpe,de = 5 (@al,d Onepe — Oare Ondpe + Ourp Onede — Oule @hb,de) , (2.30)

Qub.el,d] = Oabc Ocr,dg + Oub,d“Ocier (2.31)

Qur vtk = Ourp"©user + Our " Ourcy | (2.32)

where all indices are raised and lowered with the ordinary Kronecker symbol.
Let us note that in our present analysis the quadratic constraints have been simpli-
fied as compared to supergravity, since we effectively deal only with gauge groups inside



SO(N) x R8N, In contrast, the linear constraints are as in supergravity, but supplemented
with further constraints. However, this does not exclude the possibility that there exist
globally-supersymmetric ' = 8 theories that satisfy weaker constraints, but which cannot
be obtained as limits of supergravity in the given way.

2.3 The globally supersymmetric A’ = 8 theory

In this subsection we summarize the resulting globally supersymmetric action, after taking
the limit of A" = 8 gauged supergravity® as defined in the previous section.
The Lagrangian of the globally supersymmetric theory is given by

r— +% DHXI“D”XI“ e )ZAQWMD;LXAQ _ %@aﬁgquA,ua <81,Ap6 + %@w‘fﬁ‘SEAUVAPE)
n A?Q’Bb)ZAaXBb —V. (2.33)
Here the covariant derivatives of the scalars and fermions are
DX =8, X + 04 a4, X + %@al,bcAubc + Oubes A X + Our 51 A
D™ = 94+ QM 9t = %Gab,chMCd + Oaper A (2:34)

while the different Yukawa couplings are given by®

.CL 1 C C C
A‘;’A = TR (04 Xk X1 XY — Ourc e X1 Xy + 20 4p,c11 X J}XbK+

19~ AA
+ 20,51 X" ) + Orsx X a)
a5 1 1
AsAa’Bb = +E5abFQ%KL@[J7KL + §F£{]B(—@ab70dXC[XdJ + 2@ab7c[1XcJ}) , (2.35)

The scalar potential is positive definite in the global case and reads

Vo= iA‘;’A“A‘;’A“ . (2.36)
The Lagrangian is invariant under the following global N’ = 8 supersymmetry trans-
formations:
seXT® = &T! A sex e = %z'rg DX A (237
5€Azb = —2i EAFZAVHXI[“XMA, 5€AZI = iEAFZAWuXAa, ‘

provided that the linear constraints implied by (R.24) and the quadratic constraints (2.24),
are satisfied.

To summarize, for any choice of the embedding tensor components given in (B.24) that
satisfy the quadratic constraints (2.26) we obtain a consistent globally supersymmetric NV =
8 theory. The physical interpretation of the different representations are quite different.

5We will omit overall k-dependences w.r.t. the supergravity expressions, as these will drop out.
5See, however, the provision made in footnote 2.



component | gauge vector | gauging | mass dim. | V | interpretation
Jabed A,Cjb SO(N) 0,1) X% | CS gauging
Al SO(N 11
Jaber g () (22) X4 | YM gauging
b 8N 1
A R (3.1)
f;T]KL - — (1,-) X? massive CS
hry AZI R8N (1,3) X2 | top. mass. YM

Table 1: The different SO(8) x SO(N) representations of the embedding tensor that survive the
limit of global supersymmetry, and the resulting gauging and gauge vectors (if applicable). The
next columns indicate the mass dimensions of the ©,3 and A,” components and the order of the
resulting scalar potential. The interpretation of the different models will be put forward in the next
sections.

We will illustrate this with a few examples in the next section. For the moment we note
that an understanding of what these different representations signify can be obtained from
the covariant derivatives of the scalars and fermions (R.34). From these one can infer that
fabea induces a compact SO(N) gauging, while hy; gauges the non-compact translations
R8N The representation faer corresponds to a semi-direct product of compact and non-
compact gaugings in SO(N) x R®V. Finally, the representation f;;x drops out from the
covariant derivatives and therefore is a massive deformation instead of a gauging. For more
information, see table [I.

Note that for our choice of scalings the R-symmetry SO(8) is never gauged; the com-
ponents that give rise to the R-symmetry gaugings in supergravity either drop out or are
massive deformations. Furthermore, from the table we conclude that only fup.q can give
rise to a conformally invariant theory with a sextet potential. In the next sections we will
consider the various representations separately.

3. World-volume actions for multiple membranes

In this section we consider different examples of globally supersymmetric N/ = 8 theories
obtained from gauged supergravity in order to illustrate the different possible gaugings
outlined in the previous section (see the table). These can be interpreted as different
world-volume actions for multiple 2-branes. An overview of our conventions can be found
in appendix A.

3.1 Conformal gaugings and multiple M2-branes

In view of their applications to multiple M2-brane actions we first consider the conformal
gaugings with fupeq 7 0.

— 10 —



3.1.1 Bagger-Lambert theory
To reproduce the Bagger-Lambert theory we choose [B9]:

®ab,cd = 2 fabed » Jabed = f[abcd} : (31)

This provides a particular solution of the linear constraints, while the quadratic constraint
reduces to the fundamental identity of [J]. The Lagrangian reads

1 .
L= 5D, X1 DIXT" —ixAy" D, XA+ fupeal P, X5 X Ay P (3.2)

1
_Zguvpfabchuab <8VApCd + gfdethVeprch> -V,
where the covariant derivatives are given by
DuXaI — auXaI +A,u0dfcdabija D,LLXAa — uXAa +A,U,CdfcdabXAb ] (33)

This is equivalent to the Bagger-Lambert action [fJ]. The supersymmetry variations (2.10)
reduce to

55Xa1 _ —AFI i Aa ’ (34)
5EXAa — §PI A,Y EAD XIa 4= fabcdrl KXb[XcJXdKGA
56Auab — —2ZEAPI i XI[aXb]A 7

in agreement with the superconformal symmetry of [f].

3.2 Non-conformal gaugings and multiple D2-branes

We now consider the non-conformal gaugings with fu.;r # 0. As we will see, this rep-
resentation leads to supersymmetric Yang-Mills theories and multiple D2-brane actions.
We first discuss the non-semi-simple gaugings triggered by this representation and next
consider the non-Abelian duality that converts the resulting action into a supersymmetric
Yang-Mills theory.

3.2.1 Non-semi-simple gauge groups

To construct multiple D2-brane actions with kinetic Yang-Mills terms we must consider
gauge groups that are not semi-simple. Specifically, this incorporates gauge groups, whose
generators are partially in the direction of the non-compact t*.

We consider the simplest case, where only O c; is non-zero. The SO(8) indices are
decomposed according to I = (4,8), with ¢ = 1,...,7, i.e. we are going to break the R-
symmetry group to SO(7). The explicit ansatz is given by the completely antisymmetric
continuation of

@ab,CS = —gym fab07 (35)

— 11 —



while all other components vanish. Here, fu. are the structure constants of an arbitrary
N-dimensional Lie algebra with an invariant tensor (in particular, fu. is totally antisym-
metric) and gym is the Yang-Mills coupling constant which has mass dimension % This
ansatz gives rise to two types of gauge group generators X, according to (@) either
proportional to t% or t*/. Denoting the former by X and the latter by T, respectively, this

amounts to a gauge algebra, which schematically reads
[X,X] c X, [X,T] c T, [T,T] =0. (3.6)

More precisely, this describes a semi-direct product between, say, a semi-simple Lie algebra
g with structure constants fu. and the dim(g) abelian translations T.

In order to verify that (B.f) gives rise to a consistent gauging, we have to check the
quadratic constraints. Following the discussion in the previous section it turns out that
the only surviving quadratic constraint components are Q7 p.7cq leading to the constraints

®a1,cg®gd,bJ - @al,dg@gc,bJ - ®al,gb®gJ,cd =0. (37)

For the ansatz (B.J), this is satisfied by virtue of the Jacobi identities for fu., where we
assume that its invariant tensor is given by d,,, possibly after a suitable change of basis.
We conclude that we can gauge an arbitrary Lie group.

3.2.2 Multiple D2-branes through non-abelian duality

The world-volume theories of multiple D2-branes are known to be Yang-Mills gauge theories
— as opposed to the Chern-Simons gauge theories discussed above — and are not confor-
mally invariant. In fact, these two features are related, since in a non-abelian Yang-Mills
term the gauge coupling constant needs to be dimensionful in D # 4, thus breaking the
conformal invariance. In contrast, in the Chern-Simons gauge theories the gauge coupling
can be chosen to be dimensionless.

To make contact with multiple D2-brane actions we now apply the non-Abelian duality
of [R§] converting the Yang-Mills Chern-Simons term into a standard Yang-Mills kinetic
term. We use the ansatz (B.§) for the embedding tensor, where we may think of the
structure constants as defining SU(N). There are two types of scalars, X% (i = 1,...,7)
and X® = X, for which the covariant derivatives read

DuXai — aMXai + gYMfabcAubXCi 7

DX = 8,X%+ gymf%e A XC + B,*, (3:8)
where we defined
A = A B, = %@a&bcAubc . (3.9)
The resulting action reads
Lpy = %DuXi“D”Xi“ T %DMX'“D“X'“ — ixr DA (3.10)

1 o
_§€MVPBHGFVPQ + )Zafach&XZbXC -V,
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with the non-abelian field strength
Flu® = 0,A,% — 0,A," + gym [ A ALC (3.11)
The scalar potential is the quadratic expression in As, given by

1 js
_ZFAA

A?’Aa gyM fachbchj . (3.12)
To see the equivalence to Yang-Mills gauge theories, we observe that B,® enters only
algebraically and it can therefore be integrated out. The Stiickelberg shift symmetry on
the extra scalars X apparent in (B.§) can be used to gauge this scalar to zero. In turn,
the field equations for B, read B,* = %su,,pF vPa - After reinsertion into (8.10]), we obtain
a supersymmetric action with Yang-Mills type kinetic term,

1 . . 1 i i P i
£D2 _ §D“XmDuXm o ZFW/CLFMV& _ iXAa,y,uDHXAa + Xafach&leXC _ ‘/, (313)

which is the standard super-Yang-Mills action for D2-branes. This dualization converted
the topological gauge vectors into propagating fields, then carrying the degrees of freedom
of the scalars X?.

It is instructive to compare our results on multiple D2-brane actions with the recent
proposal of [[f—[[§]. These theories contain two extra scalars with wrong-sign kinetic terms
and thus may lead to ghosts. In a recent development it has been pointed out that these
ghosts can be avoided if a different model is used where a translational symmetry, which
is present in the original theory, is gauged [[d-R1]. After gauge fixing the translational
symmetry and integrating out some of the fields one ends up with a supersymmetric Yang-
Mills theory. In this context, we note that starting from three-dimensional Yang-Mills
theory the coupling constant gyn can be promoted to a scalar field X by replacing in the
Lagrangian Ly the coupling constant gyy by X4+ and adding to the Lagrangian a term
with a Lagrange multiplier 2-form gauge field C),,, such that we obtain the total Lagrangian”

Ltotal = ﬁYM + ghvp auX—i- Cup . (314)

In a second step we define a vector field Ct = envr Cy, and introduce a second scalar
field X_ via the Stueckelberg redefinition C" = Cr — 9 X_ with the corresponding shift
symmetry 6C* = X, 6X_ = A. This leads to a gauge-equivalent Lagrangian of the form

Liotal = Lym — 0, X1 (0" X_ —CH) (3.15)
which is of the type considered in [I9-PT].

3.3 Massive deformations

It is well-known that background fluxes may lead to massive deformations of the worldvol-
ume theory. Two exampes will be discussed here: the first is triggered by a four-form flux
in M-theory and was recently considered in [[3, [[4], while the second is known to arise if
the mass parameter of ITA supergravity is turned on [I2]. We will show how these massive
deformations also fall in the framework of section B.3.

"More generally, we may replace the full embedding tensor by a set of scalar fields, see [@]
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3.3.1 Massive Bagger-Lambert theory

To reproduce the massive deformation of [L3, [[4] we choose

@[J,KL =H (EfJKE ) E_I_JKL) 5 ®ab,cd = 2fabcd7 fabcd = f[abcd] 5 (316)

where y is a mass parameter and we have written the SO(8) index I as I = (I,1) in terms
of SO(4) x SO(4) indices. The components Oy, k1, are self-dual, i.e. ©F; r-; = 0, which is
consistent with the linear constraints. Note that the SO(8) and SO(NN) sectors decouple
in the quadratic constraints.

With respect to the Bagger-Lambert theory the Yukawa coupling A in (2:3]) contains
an extra term proportional to . Since the potential is quadratic in As we have two further
terms in the potential: one mass term quadratic in g and X and one flux term quartic in
X and linear in p. This precisely reproduces the results of [13, [[4].

3.3.2 Topologically massive D2-branes

We next consider an embedding tensor given by the symmetric-traceless tensor in (2.19)
with respect to SO(8). There are several possible solutions as, for instance,
1

hgg = 1, hij = —?5@' , (3.17)
where we have split again the indices according to I = (4,8). This breaks the R-symmetry to
SO(7). Therefore, it might be interpreted as a D2 brane action in a massive ITA background,
which is known to lead to topologically massive vectors on the world-volume [i7]. Instead
of constructing a specific model, we are going to show that such a gauging generically leads
to topologically massive gauge vectors. The excited components are O,7 4y and Or; k1.
The latter component does not appear in covariant derivatives, neither in Chern-Simons
terms, after consistently setting Aul J = 0. For the bosonic couplings we therefore focus on
the covariant derivatives

D, X = 9, X" +mA,"", (3.18)

where A““I = Ourp JA“I’J and we have pulled out a mass parameter m, in accordance with
the mass dimension of ©. In the limit, the Chern-Simons term reduces to an abelian term,
such that one finds in total

1 1
Lmpe = §DHX“ID”X“I - gmsWPAuafayAp“f e (3.19)

where we focused on the relevant couplings. It would be interesting the inspect the su-
persymmetry in more detail. However, due to the provision expressed in footnote 2, we
postpone this to later work. Using the shift symmetry, we can gauge-fix X% to zero, after
which the equations of motion for the gauge vectors read

P9, A, = mArl (3.20)
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This describes one massive spin-1 degree of freedom [{J], which follows from the fact
that (B.2() implies the two equations

1
P Fw = —gmeyn FP = —m?A00 94, = 0. (3.21)

An equivalent description of a single massive degree of freedom carried by a vector is given
by the sum of a Maxwell term and a Chern-Simons term. Both provide a gauge-invariant
description of massive vectors, which is a peculiarity in three dimensions. Furthermore, it
can be checked that the quadratic constraints allow for the inclusion of ©4 . in addition
to the symmetric traceless component. With the Ansatz (B.J) the interpretation of this
combination is clear: this is equivalent to a topologically massive Yang-Mills theory.

4. Conclusions

In this work we derived a general framework for constructing gaugings and massive de-
formations of N' = 8 (conformal and non-conformal) supersymmetric gauge theories that
describe multiple membranes. Our starting point was gauged N/ = 8 supergravity in three
dimensions. Performing the limit of global supersymmetry and making different choices
for the embedding tensor we were able to reproduce a variety of membrane actions.

In particular, we have shown that the conformal gaugings, triggered by the anti-
symmetric SO(N) representation fup.q, led to the Bagger-Lambert theory describing con-
formal invariant multiple M2-brane actions. The non-conformal gaugings, triggered by the
faber representation, led to multiple D2-brane actions. Finally, the self-dual anti-symmetric
SO(8) representation f;,; (in combination with fg.q) led to a massive deformation of
the Bagger-Lambert theory, whereas the symmetric traceless hyj representation led to a
topologically massive gauge theory.

We would like to stress that in addition to these known results, our results also allow
one to combine the different ingredients (subject to the quadratic constraints). This would
lead to generalisations of the previously discussed theories, whose membrane interpretation
might be worth investigating. It is also worthwile to investigate whether the procedure we
introduced to define the limit of global supersymmetry is unique or whether other limits
are possible.

On a different note, in this paper we showed how starting from a gauged supergravity
theory a variety of globally supersymmetric theories could be constructed. It would be
interesting to apply this technique to other situations as well. For instance, one could
consider cases with less supersymmetry and compare with the results of [i4, 5] for N' = 4
and 23, B3 for N = 6. A distinguishing difference between the N’ = 8 and N = 6 cases
is that, whereas the conformal A/ = 8 embedding tensor can only be defined as copies of
the 4-index Levi-Civita symbol, i.e., with SO(4) gauge groups inside SO(N) for N = 4k
with k integer, the conformal N' = 6 embedding tensor can be defined for any U(N) gauge
groups [R9]. This is related to the fact that for A" = 6 the global symmetry group is U(N)
and hence, using complex notation, the relevant embedding tensor can be expressed in
terms of Kronecker delta’s, for any IV, instead of a Levi-Civita tensor, for special values of
N. This fact has been used in the recent constructions of [, PJ].

— 15—



Finally it would be interesting to apply the procedure to construct globally super-
symmetric theories out of locally supersymmetric theories in different dimensions and, in
particular, to see whether some of them can be interpreted as the worldvolume theories of
multiple branes.
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A. Useful relations

A.1 Conventions

We use the following notation for the different indices:

o [, J,...=1,...,8 for the SO(8) R-symmetry vector indices, which will be split up
according to:

— I =(i,8) with ¢,7,... =1,...,7 when the R-symmetry is broken to SO(7),

—I=,I)with[,J...=1,...,4and I,J... =5,...,8 when the R-symmetry
is broken to SO(4) x SO(4),

e AB,...=1,...,8 for the SO(8) R-symmetry spinor indices,

e A,B,...=1,...,8 for the SO(8) R-symmetry conjugate spinor indices,

e ab,...1,...,N for the SO(N) fundamental indices,

e 7.J,...=(I,a) for the SO(8, N) fundamental indices,

o a=[1J]= ([IJ],[ab],Ia) for the SO(8, N) adjoint indices,

® o, 3,... are flat indices corresponding to the local SO(8) x SO(N) action.
Note that our conventions differ from those of [BY] by an SO(8) triality rotation in order
to be compatible with the supergravity results of @] Moreover, we employ the conven-

tion that summation over the antisymmetric index pairs [ab] and [I.J] is accompanied by
a factor of %
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A.2 SO(8,N) structures

In order to compute the various components of the Maurer-Cartan forms and of V¢, to
lowest order as used in the main text, we need the explicit form of the Lie algebra so(8, N).

In covariant form it reads
[tzj,tlcc] — 9 <771[’th«7 _nj[lctc]z> ’ (A1)

with the indefinite n?7 = (677, —§%). Splitting this in a SO(8) x SO(N) covariant form
(and redefining t® — —t%) one finds
[tIJytKL] —9 <5I[KtL}J _ 5J[KtL]I> 7 [tabjtcd] — 9 (5a[ctd}b _ 5b[ctd]a) 7
[tIthKa] — _25K[ItJ]a 7 [tab,tlc] — _250[atlb] 7 (A2)
[t1a7tJb] _ §lTgab 4 sabyl
This corresponds to the following structure constants
fab,cdef — 85[a[e5b][65d]f] , fIJ,KLPQ — 85[[[P5J][K5L}Q] ’
fIJ,KaLb — _25K[15J]L5ab ’ fab,cldj _ _256[a5b]d51J , (A3)
fIa,chd — (SIJ(SQ[C(de} 7
where we use the conventions that summation over antisymmetric indices is accompanied
by a factor of %, ie., [t = %f“b’“leftef, etc.

For the computations of Y, one has to insert (.I)) into (2.7) and use the first of the
BCH relations

Bt = B+ [BA]+ 5 [1B, AL A] + 2 [[1B, AL 4] A] + -

i 1 1 (A.4)
e de” = dA+ 5[dA,A] + g[[dA,A],A] +--
This yields the following components
VPea = 26%0% + 20 XX ] + O(X1)
pab o — ogla_xb, _ xla xblIxJ éX[aJ(Sb]CXJdXdI +O(xY,
Vb, = —2xlex; +o(x?t),
Vi = —2XT, X7+ 0(x?),
Ve = 267 j67 1y + 200 e x 7o X e + O(X 1) (A.5)
V= —oxl sl xU xTlbxb, %XLGXLbXb[I(SJ}K +o(xY,
Vi, = —2X7,6% — gxf[bXJdXJa +0(Xx%),

viay, = 6 6% +2xU x4+ 0(x?),
Vit = —2X00 g — XXX e + O(X?)
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For the various components of the Maurer-Cartan forms (B.J) one finds by use of the second
of the BCH formulas (]A.4)

Q,uab — a“Xl[aXb]I + QQBA/Javﬁab + O(Xg) ,
Q" = 9, XU x4 0,34,°V%; + O(X?), (A.6)
P = DX+ 0(X?),
where the covariant derivative reads
DX = 9, XY 40,54,V 1, . (A7)
Furthermore we expand the T-tensor:
Tryrr = —OuwrsX kX L + 40410k X 7 X1 + 2001 k1. X + ((IJ] « [KL)))

+01kL + O(X?), (A.8)
Trika = —OuwcaX kX1 X% + Ope L X1 Xy X5,

1 1
—3 Orrpe Xk XEXE, + 691J,abXLbXLdXdK
1 1
-3 Or7poX T XX g + 6 OrrrrXF XX
Ok b X 1XC ) + 200 (1 X Xk + 205y X0 X g
+20,x 51X ) + O1san Xk + Orsx X e + Oryka + O(X?)
Triah = —OuapeaX1X%y — Q1 XK X1

+20 4,1 X7 + 2017 11 X 4y — 4X 1O g1 i1 X 4 + Orsan + O(X?)

where we suppressed in the first line an antisymmetrization in [/J] and [KL].
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